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Turbulence and large-scale waves in the tropical region are stud-

ied using the spherical shallow-water equations. With mesoscale

vorticity forcing, both moist and dry systems show an upscale

transfer of kinetic energy that is dominated by rotational modes,

scales as a power-law with −5/3 exponent, requires eddy-eddy

interactions and ranges from the forcing scale to the respective

equatorial deformation radius. At larger planetary scales, the di-

vergent component of the energy increases and we see a footprint

of tropical waves. The dry system shows a signature of the entire

family of equatorial waves, while the moist simulations only

show low frequency Rossby, Kelvin and mixed Rossby gravity

waves with an equivalent depth that matches rapid condensation

estimates. Initially, runs with interactive moisture exhibit a weak

inverse transfer of moisture variance as well exponential growth

across a range of length scales. This results in an equilibrium

moist energy spectrum obeying a -2 power-law and the forma-

tion of moisture aggregates. Once formed, aggregates propagate

westward in the tropics with speeds of the order of a few meters

per second. In contrast, forcing divergence does not excite an in-

verse transfer, and injected energy remains trapped at the forcing

scale. Height (i.e., temperature or mass) forcing results in a peak
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at the forcing scale, but also generates large-scale waves and

projects on to rotational modes that undergo an inverse energy

transfer. Similarly, forcing the moisture field by itself produces

an inverse transfer of rotational energy and a well formed large-

scale equatorial wave spectrum. Notably, both the height- and

moisture-forced inverse transfers are different in nature. Specifi-

cally, they require the presence of ambient planetary rotation. In

all, these experiments demonstrate that the vortical and divergent

wind are inextricably linked with the evolving moisture field,

and that large-scale equatorial waves co-exist with synoptic-scale

moist turbulence.
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1 | INTRODUCTION1

Waves in the tropical atmosphere appear as coherent cloud patters and have been measured by geostationary satellites at temporal2

resolutions ranging from days to intraseasonal time scales (e.g., Takayabu, 1994; Wheeler and Kiladis, 1999). Specifically, waves3

have been identified in wavenumber-frequency analyses of outgoing longwave radiation (OLR) that is often used as a proxy for4

deep convection, and even in other variables such as zonal winds from reanalysis data (Hendon and Wheeler, 2008). Satellite5

data also allows for the detection of slowly propagating bands of water vapor in a relatively dry atmospheric column (Schröttle6

et al., 2020). Some of the identified tropical waves correspond to classical dry modes in solutions of shallow-water systems in the7

equatorial region (Matsuno, 1966) — albeit, with a smaller equivalent depth (Kiladis et al., 2009). While a theoretical estimate8

of the reduced equivalent depth, especially outside the so-called rapid condensation limit, is a challenge, lower wave speeds9

are attributed to the dynamical coupling with water vapor (Gill, 1982). Indeed, the importance of moisture, and its advection,10

for convectively coupled equatorial waves (CCEWs; Wheeler et al., 2000) has been highlighted in controlled cloud resolving11

simulations (Kuang, 2008b). The generation of such slow CCEWs has been noted in complex and simplified general circulation12

models (GCMs; Lin et al., 2006; Frierson, 2007). Of course, mismatches between observations and fully complex models in13

terms of wave speeds and wave structure are the subject of ongoing scrutiny (Lin et al., 2008). There is also an extensive body of14

literature on simplified models, i.e., those with one or two vertical modes and prescribed heating, that explore linear instabilities15

to account for the generation of CCEWs (see, for example, Mapes, 2000; Majda and Shefter, 2001). Such linearized models with16

simplified vertical structure but explicit moisture evolution have also been examined in the context of equatorial waves (Kuang,17

2008a; Khouider and Majda, 2008). Interestingly, equatorial Rossby waves are not included in these efforts and are usually dealt18

with separately (Chatterjee and Goswami, 2004). Though, both tropical Rossby and Kelvin waves with suitably reduced speeds19

have been observed in initial value problems with a nonlinear moist shallow-water system (Suhas and Sukhatme, 2020). It is20

important to note that these waves exist at large spatial scales, indeed, most wavenumber-frequency diagrams display variability21
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from approximately wavenumber 1 to 10, or from four to five thousand kms to the planetary scale (Wheeler and Kiladis, 1999;22

Wheeler et al., 2000; Hendon and Wheeler, 2008).23

At relatively smaller scales, from about 50 to 2000 km, i.e., the mesoscales through to synoptic scales, the midlatitude atmospheric24

kinetic energy (KE) is observed to follow power-law scaling (Nastrom and Gage, 1985). Specifically, in the midlatitude upper25

troposphere KE follows −5/3 and −3 exponents in the range of 50–500 km (mesoscales) and above (up to about 2000 km;26

synoptic scales), respectively (Nastrom and Gage, 1985). The steeper −3 exponent is generally accepted to be a result of a27

forward enstrophy transfer quasi-geostrophic regime (Charney, 1971; Boer and Shepherd, 1983; Bartello, 1995). The mesoscale28

range is associated with a forward energy transfer (Cho and Lindborg, 2001; Lindborg and Cho, 2001), though there are different29

candidates — ranging from rotating stratified turbulence with wave mode dominance (Kitamura and Masuda, 2006; Sukhatme30

and Smith, 2008; Vallgren et al., 2011), purely stratified dynamics (Lindborg, 2007; Lindborg and Brethouwer, 2007), balanced31

surface quasi-geostrophic turbulence (Tulloch and Smith, 2006) to inertia-gravity waves (Callies et al., 2014) — proposed for32

the −5/3 scaling. The correct choice from among these possibilities depends on the ratio of energy in rotational and divergent33

components of the horizontal mesoscale flow field (Callies et al., 2014; Lindborg, 2015), which itself appears to be non-universal34

(Bierdel et al., 2016).35

In the tropics, below the planetary-scale equatorial waves, there lies the mesoscale moist convective range. Here, the situation36

regarding the mesoscale spectrum is likely more complicated due to the effects of moisture on turbulence. In fact, in a f −plane37

study, Waite and Snyder (2013) noted that injection of energy due to latent heating enhanced the role of divergent components38

in moist baroclinic waves. On the other hand, numerical simulations of tropical cyclones showed a forward energy transfer39

and −5/3 KE power-law dominated by rotational modes, at scales below 500 km in the upper troposphere (Wang et al., 2018).40

But, in situ aircraft data taken from flights through hurricanes paint a more diverse picture with mesoscale slopes going from41

−5/3 to −3 depending on the strength of systems (Vonich and Hakim, 2018). More broadly, simulations using the Weather42

Research and Forecast (WRF) model, initialized with temperature anomalies in a moist environment show that buoyancy via43

moist convection plays an important role in the mesoscale spectrum in the tropical region (Sun et al., 2017). In these simulations,44

rotational and divergent modes were observed to have an almost equal contribution to the total horizontal KE of the flow, both of45

which scaled with a −5/3 exponent. But, clear cascades could not be identified and buoyancy was noted to inject energy at all46

scales. Interestingly, two-dimensional moist stratified turbulence also showed the establishment of −5/3 scaling from an initially47

flat spectrum via (unequal) energy growth at all scales (Sukhatme et al., 2012). Further, upscale energy cascades from deep48

convective events up to the mesoscale have been noted in large-eddy simulations of the tropical region (Vallis et al., 1997).49

Given this situation, we study tropical turbulence (both moist and dry) using a shallow-water system with an eye towards the50

mesoscales, synoptic and planetary scales. In essence, rather than isolating any one of these ranges, given their interactions,51

we hope to simulate them simultaneously. The shallow-water system affords us the possibility of resolving this extended range52

of scales efficiently and is also possibly the simplest model to include the relevant dynamical ingredients required to make a53

connection to the tropical atmosphere (Zeitlin, 2018). In a turbulent context, explorations of the decaying and forced-dissipative54

spherical shallow-water systems have been without moisture and have almost exclusively focused on extratropical phenomena55

such as the emergence of jets and vortices (see, for example, Scott and Polvani, 2007). Though, in recent years, moist shallow-56

water systems have been quite widely used in a tropical context. For example, studies aimed at the Madden-Julian Oscillation and57

other intraseasonal modes have used the shallow-water framework with condensation, evaporation and either explicit (Rostami58

and Zeitlin, 2019a,b; Vallis and Penn, 2020), or implicit (Solodoch et al., 2011; Yang and Ingersoll, 2013) treatment of water59

vapor. In addition, the roles of moisture gradients (Sobel et al., 2001; Sukhatme, 2013; Monteiro and Sukhatme, 2016; Suhas and60

Sukhatme, 2020) and convergence in the boundary layer (Wang et al., 2016) have also been studied. All of these studies focus on61

the generation of large-scale waves and do not consider turbulent solutions.62
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Here we use a moist shallow-water model and follow the evolution of vorticity, divergence, height and moisture - together with63

their respective variances (which constitute the different energy forms in the model). Our goal is to understand how energy64

transfers across scales from the mesoscale, where the forcing is applied, up to planetary scales. The specific questions we address65

include, (i) Can large-scale equatorial waves be excited with random mesoscale forcing through an upscale transfer of KE? (ii)66

What are the differences in the energy transfer and excited large-scale waves (if any) between dry and moist turbulence? (iii)67

How do rotational and divergent of KE differ in the turbulent solution when moisture enters the dynamics? (iv) Does moisture68

undergo an inverse transfer of energy leading to aggregation? (v) How does the energy transfer among different scales depend on69

the nature of the forcing employed? For example, given both of their physical relevance, how does vorticity forcing differ from70

divergence forcing? (vi) Do height and moisture forcing have significant impacts on the dynamics, i.e., are they able to excite an71

upscale energy transfer, or do they lead to the formation of large-scale equatorial waves? In all, the answers to these questions72

should help in developing an appreciation for the establishment of a hierarchy of structures from mesoscales to planetary scales,73

and the role of dynamically interactive moisture in the establishment of these tropical atmospheric features. Further, the scaling74

of spectra that emerge here could be of use in interpreting analogous results from more complicated models or observations of75

the tropical atmosphere.76

2 | SHALLOW-WATER SIMULATION CONFIGURATION77

We consider the moist shallow-water equations on a sphere with isotropic stochastic forcing for a single layer in the lower78

atmosphere on top of a moist saturated aqua planet. Following Gill (1982), the shallow-water equations with the presence of79

moisture have been formulated by Bouchut et al. (2009), and a detailed discussion of this system can be found in the textbook by80

Zeitlin (2018). In vorticity-divergence form these read,81

∂t ζ = −+ · (ζv) + fζ − ζ/τ,

∂t δ = + × (ζv) · k̂ − ∆
(
gh + v2/2

)
+ fδ − δ/τ,

∂t h = −+ · (hv) − L q+/τc − L q−/τe + fh − (h − H )/τ,

∂t q = −+ · (qv) + fq − q+/τc − q−/τe , (1)

where ζ is the absolute vorticity and δ is the divergence of the horizontal wind v. In the divergence equation, + × (ζv) · k̂82

is the vertical component of the curl. The height of the layer is h and H is its global mean. Moisture q is composed of a83

background state (qs ) and a perturbation (q ′). The geopotential is gh, where g is the gravitational constant of 9.81 m s−2. ∆ is the84

two-dimensional Laplacian. Linear drag in vorticity, divergence, and height equation mimic friction and radiative damping (Scott85

and Polvani, 2008). The associated time scale τ is 500 days. τc and τe are the time scales for condensation and evaporation,86

respectively. These time scales and moisture parameterization is further discussed in Section 2.1. To remove energy from87

the flow at small scales, we apply hyperdiffusion (of order 4) as in classic approaches to stochastically forced turbulent flows88

(McWilliams, 1984; Frisch and Sulem, 1984; Vallis and Maltrud, 1993). The equations are solved on a sphere by employing the89

efficient spectral transform library SHTNS (Schaeffer, 2013), on a grid consisting of 512 × 256 mesh points in longitude and90

latitude, while using an advection time step of ∆t = 50 s. The forcing components act separately in vorticity, divergence, height91

and moisture equation and are denoted with: fζ , fδ , fh , and fq , respectively. In the absence of forcing, drag and dissipation, the92

system conserves moist potential vorticity and moist enthalpy (Monteiro and Sukhatme, 2016). In fact, when the background93
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saturation field is allowed to vary in space, the conservation of moist potential vorticity proves to be a useful guideline for the94

generation and propagation of moist Rossby waves (Suhas and Sukhatme, 2020).95

2.1 | General properties of the shallow-water system and eddy energy96

Moisture is allowed to fluctuate around the saturated state qs , and while being advected by the flow it is subject to condensation97

and evaporation (Zeitlin, 2018). Condensation occurs immediately when the moist parcel is oversaturated: in regions of98

q+ := q − qs , where q − qs > 0. When undersaturated: in regions of q− := q − qs , where q − qs < 0, a parcel picks up moisture99

via evaporation. We assume that there is an infinite reservoir of moisture and the saturation field (qs ), which is fixed, can be100

isotropic and constant throughout the simulations (Bouchut et al., 2009; Rostami and Zeitlin, 2017, 2019a,b), or be a prescribed101

function of space (Monteiro and Sukhatme, 2016; Sobel et al., 2001; Sukhatme, 2013; Suhas and Sukhatme, 2020; Bembenek102

et al., 2021). Here, both condensation and evaporation follow Betts-Miller protocols (Rostami and Zeitlin, 2017), and these take103

place with timescales τc and τe , respectively. Observations suggest a time scale of 1 − 12 h for τc (Frierson et al., 2004). We104

set the evaporation time scale for most of the presented experiments to τe = 1 day and τc = 1/5 day, taking into account that105

evaporation of cloud droplets takes more time than the formation of clouds through condensation in deep convection. Though, in106

some cases, we have also used τc = τe and variations of these timescales from a few hours to a day do not affect the results. In107

fact, experiments by Suhas and Sukhatme (2020) with this numerical code have shown that results are independent of choosing108

the evaporation and condensation time scale, as long as both are smaller than one day. All simulations represent a lower layer in109

the atmosphere, so a sink term in the equation for its depth can also be thought of as a mass loss term due to convective updrafts110

(Bouchut et al., 2009), or a gain term may occur due to downdrafts.111

Overall, simulations take about a few hundred days to reach a quasi-equilibrium state. Here, all simulations are run up to at112

least 1000 days to create appropriate fields for statistical post-processing. All experiments with a dry atmosphere are run with a113

global mean depth of 100 m, this keeps the shallow-water wave speed at least one order of magnitude below the speed of sound114

waves. To allow for moist Kelvin waves with typical phase speeds close to tropical values of approximately 20 m s−1, we choose115

Q = max(qs ) = 50 g kg−1 and L ≤ 1m / g kg−1, with a resulting reduced shallow-water depth of 50 m for all moist experiments.116

Mean profiles and spectra are presented for single days (to show the development of turbulence), as well as averaged over117

several days within a time period of a few hundred days during quasi-stable equilibrium. For a more robust picture, we run 80118

ensemble simulations with random isotropic forcing of the same magnitude. A detailed description of all experiments performed119

is presented in Table 1. To describe the evolving upscale energy cascade that is excited through the forcing of vorticity at the120

mesoscale, we begin to characterize the latitudinal evolution of eddy energies: regarding eddies as fluctuations from a zonal121

mean, we denote them as (·)′ and a zonal mean by an overbar (·). Eddy kinetic and potential energy are column integrated to122

retrieve units of J m−2 (Salmon, 1998). This gives, KE = 0.5 ρ H (u′u′ + v ′v ′) , where u′u′ and v ′v ′ are zonal and meridional123

wind variance. Eddy PE is 0.5 ρ gh′h′, with ρ as a unit density of 1 kg m−3 and h′h′ as the height field variance. Similarly, we124

define an eddy moist energy as 0.5 ρ g L2 q ′q ′ in units J m−2 and proportional to moisture field variance q ′q ′. In the following,125

divergent and vortical modes of eddy KE are calculated, as both can be completely separated in wavenumber space, while their126

sum forms eddy KE (Appendix A). Thus, we refer to vortical/divergent modes of eddy KE to vortical/divergent eddy KE.127
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2.2 | Key features of the forcing fields in the moist and dry models128

Stochastic forcing in numerical weather prediction traditionally represents unresolved physical processes and leads to a numerical129

solutions that cover a broader range of possible atmospheric flow scenarios (Palmer, 2001). The stochastic forcing employed is130

formulated as the Laplacian of a time-dependent stream function Ψ to represent vorticity forcing, or potential Φ to represent131

divergence forcing, that continuously forces the system in a wavenumber range k0 ± 2, where k0 is the forcing scale. By132

construction, the direct forcing of vorticity leads to a flow free of divergence and vice versa. The only way to create divergence133

or vorticity that was not forced directly is by non-linear effects, or interaction with planetary vorticity f . In this work, we are134

interested in the formation of large scales from small-scale forcing, i.e., forcing is typically in the mesoscales at approximately135

400 km, although these simulations have been repeated with forcing at smaller scales between 80-100 km (not shown). The136

forcing in each equation is applied separately and not in combination to study their individual flow response at synoptic and137

planetary scales. Further, we mainly force the vorticity and divergence fields individually as these represent physically meaningful138

ways of injecting kinetic energy into the system. Specifically, forcing via the vorticity equation is a means of representing the139

effect of smaller-scale unresolved dynamics on the column integrated shallow-water system (Scott and Polvani, 2008) and also140

reminds of mesoscale cyclones placed at random locations in the domain (Vallis et al., 1997). On the other hand, divergent141

forcing, which represents the influence of converging and diverging regions in convective events, is a way to mimic the small142

scale nature of the real-world divergent field (Koshyk and Hamilton, 2001). In addition to vorticity and divergence forcing,143

we also consider forcing fh ; indeed, recently, small-scale forcing of the height in a shallow-water setup has been used for144

investigating the background spectrum and waves in the tropics (Garfinkel et al., 2021). Height in shallow-water system can be145

interpreted as temperature of the fluid layer, and following Gill (1980), forcing via heat sources, both stationary and moving,146

steady and time dependent, have a long history in tropical dynamics. More broadly, one of the outstanding issues in the formation147

of large-scale moist tropical systems is the transfer of energy through the mesoscales (see, for example, Simpson et al., 1997, for148

a discussion in the context of tropical cyclones), and these mesoscales are composed of significant vorticity, divergence and149

moisture anomalies. Hence, in our final suite of experiments we consider the influence of forcing the moisture field by itself.150

The effects of forcing an "auxiliary" field such as moisture which dynamically couples with the governing equations has not151

received attention, and the view we adopt is that examining the influence of each of these forcing functions individually might152

help develop a better understanding of the scale interactions in the tropics, especially in the presence of moisture.153

3 | DRY SIMULATIONS154

We begin with the dry equations and isotropic vorticity forcing at small scales (wave number 100, i.e., approximately 400 km) over155

the entire sphere. The stationary tropical wavenumber-frequency spectrum from this simulation is shown in Figure 1a. Near the156

classical dispersion relations for Rossby, Yanai, Kelvin, and inertia gravity waves (Matsuno, 1966), the wavenumber-frequency157

diagram shows increased intensity at discrete points in space and time (Vallis, 2017; Suhas and Sukhatme, 2020; Garfinkel158

et al., 2021). Interestingly, the waves appear as clear maxima aligned with theoretical linear dispersion relations on top of a red159

background spectrum. Further, almost all the wave activity is concentrated at large scales, i.e., below wavenumber 20, or, above160

≈3500 km. The signature of waves at such large scales is consistent with idealized, three-dimensional, triply periodic f − plane161

numerical experiments (Asselin et al., 2018). We emphasize that no background has been removed in Figure 1a, indeed the high162

sampling rate allows the individual peaks to stand out over the background.163

On an f -plane, vortical triad interactions of the shallow-water system form the quasi-geostrophic equations and support an164
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F I G U R E 1 Tropical region spectra of dry vorticity-forced (a-b) and dry divergence-forced (c) runs: (a)
Wavenumber-frequency diagram showing eddy potential energy (PE) from day 500 to 800 with a sampling frequency of 4 h−1

within an equatorial region between ±15◦ North/South (to retrieve the physical units J/m2 from the colored contours the values
have to be divided by their sampling size 108). Solid lines follow the theoretical dispersion relations of Kelvin, Rossby, Yanai,
and Inertia Gravity waves. (b) Spatial spectra of total (thick gray), vortical (red), and divergent (blue) eddy KE. Two lines with
−5/3 slopes are drawn for reference. (c) as in (b) but for the divergence-forced run (note that only a range near the forcing scale
is shown). The spectra are based on the flow between ±20◦ North/South, averaged from day 200–1000 with daily sampling.

inverse transfer of KE (Salmon, 1998; Remmel and Smith, 2009), as has been confirmed in numerical simulations (Farge and165

Sadourny, 1989; Yuan and Hamilton, 1994). As seen in Figure 1b, in the equatorial region, the continuous forcing of vorticity166

with white noise in time at small scales also initiates an upscale transfer of energy that persists till the equatorial deformation167

scale (
√
c/β ; approximately wavenumber 20 or 3500 km, where c represents the shallow-water wave speed). We emphasize168

that this represents the distribution of energy among different scales in the tropics as we have set the velocity field to zero169

outside ±20◦ before computing the spectrum. Here, KE is primarily composed of vortical modes and follows a −5/3 slope. The170

total eddy KE is a direct sum of the vortical and divergent eddy components (Appendix A). In fact, fundamentally, a general171

examination of adjustment of unbalanced initial conditions in the tropics suggests a split between balanced slow modes and fast172

inertia-gravity waves (Le Sommer et al., 2004). Thus, for tropical rotational modes, the appropriate suite of interactions, say for173

example on an equatorial β -plane, consists of Rossby triads (Ripa, 1983), and these appear to result in the inverse transfer seen174

in Figure 1b (see Appendix B for an explicit demonstration of the inverse KE flux). In particular, much like incompressible175

two-dimensional turbulence (Kraichnan, 1967), under small-scale forcing this −5/3 scaling represents an inverse energy transfer176

regime of geostrophic turbulence (Charney, 1971). We note that similarly forced quasi-linear versions of this run did not lead to177

an efficient transfer of energy to larger scales, instead they led to an accumulation of vortical eddy kinetic energy at the forcing178

scale (Table 1). On the other hand, a similar run but with no rotation (f = 0) showed a very efficient upscale cascade which halts179

at larger scales, affected by the frictional time scale (c.f. Appendix B, Figure 11). This supports the conclusion that the −5/3180

scaling is a result of non-linear eddy-eddy interactions, and that its halting is due to Coriolis acceleration. Interestingly, though181

the divergent component has a comparatively much smaller amount of energy up to the deformation scale, we observe that it too182

scales with a −5/3 exponent and shows a pile up of energy at the forcing scale. The energy in these two components is consistent183

with estimates of the ratio of divergent to rotational energy in equatorial Rossby waves (Delayen and Yano, 2009).184

As mentioned, the self-similar scaling of KE persists from the forcing scale to the deformation scale (approximately 3500 km).185

At even larger scales, energy projects on to the family of equatorial waves, possibly via a process analogous to the formation of186
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Rossby waves and jets in β−plane quasi-geostrophic turbulence (Rhines, 1977; Smith et al., 2002; Okuno and Masuda, 2003;187

Smith, 2004; Danilov and Gurarie, 2004; Suhas and Sukhatme, 2015). At these small wavenumbers, vortical eddy kinetic energy188

begins to decrease, the divergent modes gain strength and this coincides with the wave number range where equatorial waves189

were identified. Overall, the vortical energy dominates over the divergent contribution in the tropics (Yano et al., 2009), but at190

planetary scales, we find that the excited divergent modes are energetically comparable to the vortical modes. This is in line with191

the notion that particular classes of waves in the tropical atmosphere have a prominent divergent contribution at large scales192

(Yasunaga and Mapes, 2012). A caveat to keep in mind is that these largest scales can be sensitive to the damping employed in193

the numerical simulation. Further, we do not observe the breaking of large-scale Kelvin waves, which would be anticipated in194

non-dissipative scenarios and can influence interscale energy transfer (Boyd, 1980; Ripa, 1982; Bouchut et al., 2005).195

For comparison, the KE spectrum for the run with mesoscale divergence forcing is shown in Figure 1c. In contrast to vorticity196

forcing (Figure 1b), energy essentially remains trapped at the forcing scale, and though there is a widening of the spectrum197

to all scales, unlike in the vorticity-forced case (Figure 1b), the kinetic energy remains by far largest at the forcing scale,198

and remains largely confined to region near it. Moreover, the divergent component is much larger than the rotational one,199

suggesting an ineffective transfer from the directly forced divergent flow to rotational modes. We note that the construction of200

the forcing function is such that it is restricted in absolute wavenumber, but it does project weakly onto larger scales in kx and201

ky , individually. As a result, even with divergent forcing, the normal modes of the system are excited and we see a very weak202

signature of tropical waves (Table 1). Further, the global mean eddy PE and divergent KE are of equal magnitudes (Table 1), as203

would be expected from small-scale linear gravity waves. It is likely that some of this divergent energy is in Kelvin waves, and204

once again, these waves can break and transfer energy to smaller scales with consequences for the parameterization of energy205

dissipation in more comprehensive models (Bouchut et al., 2005). The response to height forcing in the dry system (Figure 2) is206

intermediate between vorticity and divergence forcing scenarios. Specifically, while we do observe the formation of large-scale207

equatorial waves (Figure 2a) and the forcing indirectly excites rotational modes that transfer energy upscale (Figure 2b), at208

the same time energy accumulates and shows a maximum at the forcing scale itself. This is consistent with the excitation of209

equatorial waves via temporally correlated stochastic forcing (with a correlation time scale of a few days) of layer depth in210

a dry shallow-water model (Garfinkel et al., 2021). Interestingly, upscale transfer in the rotational component in this height211

forcing experiment is mediated by the ambient planetary vorticity (Figure 2c; KE flux is shown in Appendix B). Comparing212

Figures 2b and c, as anticipated from Equation 1 with f = 0, divergence (generated directly from h) is not able to excite vorticity213

and energy remains mainly contained in the divergent component itself. This is in contrast to the eddy-eddy rotational cascade in214

the vorticity forcing case which transports rotational KE upscale to values that exceed the forcing magnitude even in the absence215

of rotation (Appendix B).216

The zonal mean eddy KE in the vortical and divergent modes as well as the zonal mean eddy potential energy (PE) as functions217

of latitude are shown in Figure 3. In all, the vortical energy is about two orders of magnitude larger than the divergent KE.218

Further, vortical KE attains a maximum in the equatorial region. Apart from being locally generated, this maximum could be due219

to an increasing Rossby radius of deformation towards the equator (Theiss, 2004), that allows for the inverse energy transfer to220

reach lower wave numbers that are capable of holding more energy (R. Salmon, personal communication). The magnitude of the221

eddy PE remains nearly constant outside the tropics but falls off almost monotonically from ±25◦ towards the equator. As the222

rotational zonal mean eddy KE increases towards the equator, the eddy PE decreases towards the equator and the conversion of223

eddy KE to eddy PE is less efficient in the tropical region. This is captured more clearly in Figure 3d which shows the ratio of224

eddy PE to rotational eddy KE. At higher latitudes this ratio nears unity but as we move into the tropics the value drops to a225

minimum of about 10−2 over the equator. Interestingly, the divergent kinetic energy is constant with latitude. Over time, the226

eddy KE composed of vortical and divergent modes reaches a quasi steady equilibrium in the fully turbulent flow. Compared to227

vortical eddy KE, eddy PE reaches equilibrium a bit later (as can be seen by comparing the convergence of curves in Figure 3a,c),228
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F I G U R E 2 Tropical region spectra of the dry height-forced run. (a) Wavenumber-frequency diagram and dispersion curves.
(b) Eddy KE spectra. (c) as in (b) but for a run with zero ambient planetary vorticity, i.e., f = 0. In (b) and (c), the gray, red and
blue lines show the KE of the total flow, of the vortical modes, and of the divergent modes, respectively.
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F I G U R E 4 Tropical region spectra of the moist vorticity-forced run. (a) Wavenumber-frequency diagram and dispersion
curves. (b) Eddy KE spectra with −5/3 lines for reference.

and at about half of the eddy KE magnitude.229

4 | MOIST SIMULATIONS230

Having established some properties of the dry system in the equatorial region, we now consider the moist shallow-water equations231

with small-scale vorticity forcing. We begin with the case when the background saturation field is uniform, i.e., qs is a constant.232

The corresponding wavenumber-frequency diagram is shown in Figure 4a. Apart from a smooth background, we see signs of233

heightened activity along the westward propagating Rossby wave dispersion curves, the westward propagating part of the Yanai234

wave, and the lowest Kelvin wave modes with an appropriately reduced equivalent depth. In contrast to the dry simulation, where235

we saw a signature of all tropical waves (Figure 1a), the intensity of higher Kelvin waves, eastward propagating Yanai waves,236

and inertia-gravity waves can hardly be differentiated from the background spectrum. Again, small-scale forcing (around 400237

km), as seen in Figure 4b, yields a −5/3 scaling with most of the energy in rotational modes. But, the inverse cascade is arrested238

at a smaller scale than in the dry case (Figure 1b). This is due to the fact that the equatorial deformation scale reduces in the239

presence of moisture by a factor of
√
(H − LQ ) /H =

√
1 − LQ/H ≈ 0.7 (where Q = max(qs )), shifting the maximum of the240

vortical KE spectrum from wavenumber 20 of the dry case to about wavenumber 28. Once again, in the mesoscale and synoptic241

scales, there are signs of similar scaling in the divergent modes, albeit with a much smaller amount of energy. At the largest242

scales, i.e., below wavenumber 10, the vortical mode energy falls off while the divergent KE remains relatively constant. The243

energy of vortical and divergent KE is again of comparable magnitude over the planetary range up to wavenumber 10 — like244

in spectra of the small-scale dry vorticity-forced experiment (Figure 1b). As in the dry case, eddy energy in the quasi-linear245

vorticity-forced run remains trapped at the forcing scale (not shown) which further suggests that the upscale energy transfer is246

mediated by nonlinear eddy-eddy interactions.247

In the moist vorticity-forced run, the vortical and divergent KE, as well as the eddy potential and moist energies as functions248

of latitude for different times are shown in Figure 5. As for the dry case (Figure 3), vortical KE dominates over the divergent249
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F I G U R E 5 Similar diagnostics as Figure 3, but for the moist vorticity-forced run (shown in figure 4). In addition to dry
diagnostics, eddy moist energy (ME) is plotted (e).

part, and in fact, the difference between the two is much larger here (almost three orders of magnitude in the tropical region).250

Correspondingly, the ratio between global mean vortical and divergent eddy kinetic energy is larger than in the dry runs (Table 1).251

Rotational KE increases, again, monotonically towards the tropics while PE decreases monotonically towards the equator in252

the tropics. The latitudinal profile of the moist energy is similar to the one of the PE, but a few orders of magnitude weaker.253

The main difference is seen in the steady-state divergent KE, which decreases towards the equator in the moist run, while it is254

constant across the tropics in the dry run. We attribute this change to weaker equatorial Kelvin and inertia-gravity waves in the255

moist simulation (Figure 4a). Furthermore, the enhanced eddy ME may contribute most to an increase in divergent eddy KE in256

places in the sub-tropics, where it is maximum.257

With stochastic small-scale divergent forcing, as in the dry case, energy remains in the divergent component and is trapped at the258

forcing scale with no signs of interscale energy transfer or a reddish background spectrum (figure not shown; Table 1). Forcing259

the height field in the moist situation produces large-scale equatorial waves (Figure 6a), even though it shows maximum energy260

at the forcing scale. Once again, experiments where the connection to divergence equation with planetary vorticity is broken261

by setting the Coriolis frequency f to zero, all energy remains at the forcing scale (Figure 6c). This indicates that the upscale262

transfer of eddy KE in moist stochastic height forcing is also mediated through the planetary vorticity (see Appendix B for the263

KE flux computation). In fact, an enhancement of upscale energy transfer in vortical modes at the mesoscale through planetary264

vorticity has been noted by Vallis et al. (1997). We further note the ratio of globally averaged eddy divergent KE and PE for265

the divergence forcing is again ≈ 1 (Table 1) — as in the dry divergence forced experiment. However, in this height-forced266

run, the ratio is 3. The larger ratio is again likely due to the projection and upscale transfer that we observe in the rotational267

modes. Finally, at the planetary scale, i.e., from wavenumbers 1–10, even though the rotational and divergent components behave268

similarly (comparing Figure 4a and Figure 6a), Kelvin, Yanai and inertia-gravity waves stand out in the moist height-forced269

experiments compared to the moist vorticity-forced runs, where Rossby waves dominate the wavenumber-frequency diagram.270

In the moist scenario, an additional possibility that we explore is the effect of stochastically forcing the moisture field itself. As271

mentioned, our motivation for these experiments is to isolate the influence of random mesoscale moisture anomalies on the272

ensuing dynamics. As seen in Figure 7a, large-scale equatorial waves are produced with a magnitude comparable to height and273
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F I G U R E 6 Same as figure 2, but for the moist height-forced runs.
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F I G U R E 7 Same as figure 2, but for the moist moisture-forced runs. In (b), the −5/3 slope (black dashed) and −5/2 slope
(gray line) are added for reference.
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F I G U R E 8 Same as figure 4 (moist vorticity-forced run), but with a stationary saturation background (qs ) depending on
both latitude and longitude.

vorticity forcing. Further, once again, the entire family of tropical waves are discernible in the resultant wavenumber-frequency274

diagram. Moisture forcing also produces a robust inverse transfer among rotational modes (Figure 7b, Appendix B). In fact, even275

at the forcing scale, the rotational component is larger in magnitude than the divergent part, thus suggesting a more efficient276

transfer to rotational modes than in the height-forced scenario. There are signs of energy accumulating near the deformation277

scale and thus the KE spectrum is slightly steeper than the anticipated −5/3 exponent. As in the vorticity-forced experiments, the278

divergent component also scales with a power-law though it contains a smaller fraction of the total KE of the system. Finally, we279

note that, as in the inverse transfer with height forcing, the upscale flux is mediated by planetary rotation and if f = 0, then a280

clear local maximum of energy remains in the divergent component of the flow at the forcing scale (Figure 7c), while the vortical281

component in this case is negligible.282

4.1 | Non-uniform background saturation283

Precipitation in the tropics, at a given location, is observed to be tied quite closely to the amount of column water vapor present284

(Muller et al., 2009). Thus, given our formulation of condensation, it is natural to model the saturation field (qs ) as per column285

water vapor in the tropics. Keeping the actual distribution of precipitable water in the tropics in mind (Sukhatme, 2012), we286

consider two sets of non-uniform saturation fields. The first captures the latitudinal variation in precipitable water (Sobel et al.,287

2001; Sukhatme, 2013; Monteiro and Sukhatme, 2016). The second takes into account both a latitudinal and longitudinal288

structure, and falls off in the form of a Gaussian function both meridionally and zonally from the crossing of the dateline and289

the equator (Suhas and Sukhatme, 2020). The introduction of a spatial dependence of qs is important as it introduces the290

possibility of condensation by means of rotational advection (Monteiro and Sukhatme, 2016), whereas for a constant saturation291

field condensation is only possible by means of divergence. In fact, the influence of background moisture fields on tropical292

modes has been noted in shallow-water studies (Sobel et al., 2001; Sukhatme, 2013; Dias et al., 2013), reanalysis data based293

examination of the Madden Julian Oscillation (Jiang et al., 2018) as well the birth of monsoon depressions in idealized and294

comprehensive models (Adames and Ming, 2018; Diaz and Boos, 2019; Adames, 2021; Diaz and Boos, 2021), but effects on295

moist turbulence have, as far as we know, not yet been studied.296
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We begin with qs being a function of only latitude, specifically, it has a peak at the equator and falls off as we progress poleward.297

The KE spectra and wavenumber-frequency plots with small scale vorticity forcing are almost identical to the constant qs case298

(hence, not shown), specifically, energy is mostly in westward propagating low-frequency modes and KE spectra are dominated by299

rotational modes that scale with a −5/3 exponent. When qs depends on both latitude and longitude1, the wavenumber-frequency300

diagram and KE spectra for small-scale vorticity-forced runs are shown in Figure 8. As seen in Figure 8a, we again have301

low-frequency Rossby waves whose equivalent depth matches a rapid condensation estimate. Note that between wavenumber302

10-20 there is also a signature of westward propagating mixed Rossby gravity waves. Compared to the case when the background303

saturation is constant (Figure 4a), the excited inertia gravity waves, as well as the Kelvin and Yanai waves are more energetic. The304

excited higher frequency waves > 0.5 day−1 are slightly faster than the linear dispersion relations for the maximum saturation305

value Q . A reason for that is the contribution of dry regions on the globe, leading to a faster wave propagation (Gill, 1982). As306

the saturation declines zonally, the waves experience less reduced depths > 50 m and thus move faster. Clearly, there is a transfer307

of energy towards large scales (Figure 8b) and this is arrested near the equatorial deformation radius (approximately wavenumber308

30), comparable to the previous purely dry simulation. In contrast, there is less accumulation of divergent eddy KE at the forcing309

scale than in the purely dry case, but more than in the moist run with a constant saturation background, consistent with this case310

having a combination of moister and dryer regions. Apparently stronger vortical modes are excited near the equatorial Rossby311

radius of deformation. The maximum kinetic energy is arrested at slightly higher magnitudes and smaller wavenumbers than in312

the case with constant background stratification in the log–log plot. As with other cases, divergence forcing in non-uniform313

saturation backgrounds does not lead to interscale energy transfer (Table 1).314

4.2 | Emergence of moist coherent structures315

A remarkable feature of the moist runs with vorticity forcing is the aggregation of moist anomalies into synoptic scale coherent316

structures by the turbulent flow. In fact, in equilibrium, spectra of moisture variance or eddy moist energy, shown in Figure 9317

(row 1), follow a power-law scaling with an approximate −2 exponent. Though, note that ME is small in comparison to PE and318

KEζ which are of similar magnitude (Table 1). More importantly, Figure 9 also shows the temporal evolution of the moist spectra319

from an initially localized form near the forcing scale to moisture variance being distributed across scales, indicating that an320

inverse transfer of moist eddy energy occurs or that coherent structures in the eddy kinetic energy induce fluctuations in the321

moisture field. Indeed, the growth of moist anomalies at larger scales is strongly linked to the growth of coherent structures in the322

wind field as can be seen in rows 4 and 5 of Figure 9. To investigate this in more detail, we compute the spectral-space flux323

(Watanabe and Gotoh, 2004; Lindborg and Mohanan, 2017),324

Flux(k ) =
∫ ∞
k
R

{
−+̂ · (v s )ŝ∗

}
d k̃

where scalar s can be moist enthalpy m = h − Lq , moisture scaled with latent heat release Lq or height h, R denotes the real part,325

(̂·) marks complex variables in Fourier space depending on wavenumber k̃ , s∗ is the complex conjugate of the scalar field s , and326

the integration ranges from wavenumber k to the largest possible wavenumber in the system. Note that this spectral-space flux is327

essentially the interscale flux of the variance of s , which is positive when the variance flux is downscale, and negative when it is328

1The background spectrum qs (l at , l on) = exp
(
− l at2

(60◦ )2
− α0

(l on−180◦ )2
(120◦ )2

)
, where l at and l on are latitude and longitude in degrees, respectively. The constant

α0 = 0 for the latitudinally varying, or α0 = 1 for the latitudinally and longitudinally varying background stratification.
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F I G U R E 9 Characteristics of the moisture field, for the moist vorticity-forced runs, with three different moisture
background fields - constant (left column), latitude-dependent (middle column) and latitude-longitude dependent (right column).
Row 1: Spectra of eddy Moist Energy averaged over days 200-800 (thick blue line) alongside select days (thin lines) to show the
time evolution. Rows 2-5: The distributions of available water vapor q − qs [g/kg] (in color) overlain on various other fields, as
follows: Row 2: Longitude-time (Hovmöller diagram) at 20◦ North for days 0-200, with lines corresponding to propagation at
different angular phase speeds (dashed gray lines) for four exemplary cases 1) -12.5◦, 2) -7.5◦, 3) -5.0◦, and 4) -8.5◦ per 10 days.
Row 3: Latitude-height distribution on day 900, with streamlines of vortical wind (thin gray lines), and the background moisture
distribution (thin gray lines) for the spatially varying qs runs (middle and right columns). Row 4: A zoom-in of selected areas
from Row 2 (marked by the rectangle in Row 3, right plot), with streamlines of the vortical wind, and an isoline of reduced depth
of 50 m (dashed gray line). Row 5: The same moisture field zomm-in of Row 4, but with positive/negative isolines (solid/dashed
black lines) of the velocity potential Φ.
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F I G U R E 1 0 Moist energetics of the moist vorticity-forced run with a spatially constant background vorticity (same run as
in Figure 4). (a) 10-day averages of the spectral-space eddy moist energy flux, from days 0-9 (lightest bottom line) to days
140-149 (dark upper-most line). (b) The temporal evolution of the spectral-space moist enthalpy flux for 10-day averages
centered around the days noted in the boxes of each line. (c) Time-wavenumber plot of the moist energy (color shading, note this
is the same quantity shown in figure 9a). Also shown for reference is the temporal evolution of the wavenumber of the maximum
in moist energy (thick solid black line), the wavenumber where upscale moist energy flux is strongest (the wavenumber of the
minima of plot (a)) (gray squares), and the wavenumber of maximum moist enthalpy flux shown in plot (b) (white squares).
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upscale. We note that the above term is obtained by adding the divergent flux−δss∗ which is much smaller compared to the flux329

due to vortical advection (not shown), corresponding to much weaker divergent KE compared to rotational KE (Figure 8).330

Specifically, we are interested in the eddy moisture flux. Noting that equation 1 gives us the time evolution of q ′ (since qs is331

constant in time), multiplying it by q ′∗, we get the equation for eddy ME. We note that the flux term has two contributions, a332

linear advection of the background qs by the eddy field + · (vqs )q ′∗, and a nonlinear term + · (vq ′)q ′∗, which we refer to as the333

eddy ME flux. For the constant qs runs, the mean flow term is simply the divergence times q ′∗. We find that this term is much334

smaller than the eddy ME flux (not shown).335

The ME flux for the moist vorticity-forced run for a constant qs is shown in Figure 10a. We see that it is negative for the first 150336

days throughout the inertial range, and implies an upscale transfer of moisture variance. We also see that the eddy moist enthalpy337

flux is downscale (Figure 10b), and its maximum is a bit time delayed (Figure 10c) reaching smaller wavenumbers later than the338

peak of the upscale transfer of the ME flux. The moist eddy enthalpy transfer is mediated through a non-linear interaction of the339

evolving (vortical) wind v with moisture gradients +q from the small-scale stochastic forcing up through synoptic scales. The340

flux of ME is much smaller than that of KE flux, notably the evolving ME is also small compared to the evolving KE. As far341

as we are aware, such an emerging transfer of ME with a self-similar scaling of moist variance (Figure 9, top row) in a fully342

turbulent flow has not been explicitly demonstrated earlier. We also see that the inverse transfer of moisture variance differs from343

that of rotational KE. Specifically, at early times (i.e., before Day 50), the upscale moisture flux is observed from the forcing344

scale (400 km) to about 2000 km. Whereas, at later times (around Day 150), the inverse flux is only present at relatively larger345

synoptic scales, i.e., from about 900 km to 2000 km. In fact, at these later times, the moisture variance below 900 km is directed346

to small scales (Figure 10a).347

For the spatially varying qs runs, the spectral ME flux is dominated by the linear term, which is downgradient, essentially from348

the large scale of qs , down to smaller scale. Interestingly, however, the eddy ME flux significantly increases compared to its value349

in the constant qs runs, suggesting the existence of background moisture gradients not only modify the spectral characteristics350

of eddy ME by direct advection of moisture by the eddy flow field, but they also enhance the nonlinear cascades of eddy ME.351

Specifically we note that initial upscale cascade is five times larger in the spatially varying qs runs compared to the constant352

background moisture runs. Indeed, it appears that, as suggested by Sobel (2002), water vapor can be viewed as a dynamically353

active scalar field and its cascade could be viewed in the context of the turbulence of such active scalar fields (Celani et al., 2004;354

Alexakis and Biferale, 2018). In addition to the weak upscale flux of moisture variance, somewhat similar to moist stratified355

2D turbulence (Sukhatme et al., 2012), we observe that initially the moist energy grows almost exponentially across a range of356

wavenumbers (Figure 10c). Though, following this initial period, growth persists preferentially around the equatorial deformation357

scale which is where the equilibrium spectrum attains a maximum (first row of Figure 9 and the solid black line in Figure 10c).358

The weak upscale transfer and growth of moist energy results in an aggregation of moist anomalies that is clearly visible in359

physical space Hovmöller diagrams shown in Figure 9 (row 2). Of course, it should be kept in mind that the development of360

moist coherent structures may be sensitive to the form of the moisture coupling to dynamics, and schemes that are significantly361

different than a Betts-Miller formalism may show different behaviour. This process takes place as time progresses, after about362

Day 75 in the constant qs case, and somewhat earlier in the variable qs cases. The inverse transfer is accelerated and strengthened363

when the background saturation qs varies in space by up to a factor 5 at early times (not shown). Once formed, the coherent364

synoptic structures systematically drift westward in the tropical region. These westward propagating systems travel about 12.5◦365

for constant background saturation, over 7.5◦ with latitudinally varying background, to 5.0◦ as well as 8.5◦ for latitudinally and366

longitudinally varying background within 10 days. We also note that these disturbances tend to increase in speed over time,367

in the case where background saturation varies in both horizontal directions. As was indicated by the KE spectra, in all cases,368
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TA B L E 1 Overview of ensemble runs to indicate which experiments produce a rotational k −5/3 upscale cascade, their
associated wavenumber of the global maximum kζ of the vortical eddy KE, and the strength of waves compared to those
generated with vorticity forcing. Global mean (denoted by 〈·〉) ratios of vortical eddy KE 〈KEζ〉, eddy PE 〈PE 〉, and eddy ME
〈ME 〉 to divergent eddy KE 〈KEδ 〉 were calculated form day 800–1000. Quasi-linear experiments were run applying linearized
momentum equations with respect to zonal mean velocities in the advection. The square � further indicates that one of these
stochastically forced ensemble members ran for at least 10,000 days. Additionally, experiments were run on a non-rotating Earth
for the forcing marked with ©, as well as with increasing forcing amplitudes when marked with

⊕
.

eddies form as energy cascades upscale. To view this mechanistically, we show snapshots of the moisture field, plotted along369

with different parts of the flow field (rows 3,4 and 5 of Figure 9). An examination of the close ups in rows 4 and 5 of Figure 9370

tells us that the anomalies are largest for the case when the saturation field is a function of latitude and longitude. Further, the371

scale of the eddies (about 2100 km; Figure 9, row 5) agrees with estimates of the moist deformation radius. We note a strong372

correlation between the dry anomaly and a local minimum of the velocity potential φ in Figure 9 (row 5), which indicates a373

region of strong divergence as δ = ∆φ and proportional to −k 2φ in wave number space. Accordingly, the eddy divergent energy374

in varying background saturation is relatively stronger than for constant qs (Table 1). In fact, strong divergent/convergent regions375

also correspond to vortical wind confluence regions, as can be deduced from Figure 9 (row 4). These moist coherent structures376

align with regions of converging streamlines but are aided by rotational advective condensation in the cases when the saturation377

field depends on space. For example, if we examine the flow at about 130◦ longitude and 15◦ N, the equatorward rotational flow378

brings parcels from a higher latitude towards the equator, resulting in a negative advective anomaly (red) as qs is higher near379

the equator. This anomaly enhances the convergence induced condensation/evaporation in this region as it lies between two380

rotational gyres. In general, from the moisture equation in (1), the evolution of anomalies (q+, q− � qs ) involves advection381

operating on qs and divergence multiplying the saturation field. Thus, moisture anomalies are co-located with divergence and382

convergence in the constant qs case, but are influenced by the vortical meridional velocity in the qs (l at ) case as well as by zonal383

advection in the qs (l at , l on) case.384
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5 | DISCUSSION385

A detailed numerical investigation has been performed using the spherical dry and moist shallow-water systems to simultaneously386

investigate equatorial turbulence and large-scale tropical waves. In both moist and dry runs, small scale vorticity forcing387

(at approximately 400 km) results in a rotational mode dominated inverse transfer regime that persists up to the respective388

deformation scale. This scaling of the rotational kinetic energy complements the classic picture of geostrophic turbulence389

(Charney, 1971) and is similar to the more complicated moist model runs presented by Vallis et al. (1997). The dominance of390

rotational kinetic energy suggests that the inverse transfer of energy to larger scales involves equatorial Rossby triads (Ripa,391

1983). Moreover, even though the divergent component has more than one order of magnitude less energy than the rotational part392

at synoptic scales, it also scales with a power-law and a −5/3 exponent. Mechanism denial quasi-linear simulations do not show393

an upscale transfer of energy thus highlighting the dynamical importance of nonlinear eddy-eddy interactions in this process.394

Notably, the existence of an inverse transfer of energy in the vortical component crucially depends on the type of variable that395

is being forced. While uncorrelated divergent forcing leads to an accumulation of energy at the forcing scale, as mentioned,396

vorticity forcing leads to a non-linear transport of energy through the synoptic scales. It should be kept in mind that our forcing of397

the divergent field is at small scales and stochastic in nature, and steady forcing at a larger scale might have different implications398

(Sardeshmukh and Hoskins, 1988). On forcing the height field, which can be viewed as proxy for temperature anomalies in the399

tropics, we observe behaviour that is intermediate to the purely divergence and vorticity forcing cases. Specifically, in both moist400

and dry systems, the peak of the energy spectrum remains at the forcing scale, but transfer to vortical modes does take place401

and this energy is then pushed up to larger scales. Forcing of the moisture field was formulated to represent a very idealized402

view of moist anomalies in mesoscale convective systems, and also leads to an inverse transfer of rotational KE; in fact, the403

generation of rotational modes in this case is more efficient than with height forcing. Though, it is important to note that the404

height and moisture-forced upscale transfer is different from the vorticity-forced case in the sense that they both require the405

presence of ambient planetary vorticity. In both these cases, planetary vorticity allows for the generation of vorticity from the406

divergent component of the flow.407

With vorticity forcing, at planetary scales, divergent modes have comparable energy to the rotational modes and wavenumber-408

dispersion diagrams show the footprint of tropical waves. While the entire family of waves is seen in the dry runs, only low409

frequency modes stand out from the background spectrum in the moist cases. Further, much like results with temporally410

correlated height forcing (Garfinkel et al., 2021), our uncorrelated height forcing runs also result in the formation of large411

scale equatorial waves. Thus, in general, whenever we observe an upscale transfer of energy, we also observe the formation of412

large-scale equatorial waves. Though, subtle differences are noted in which member of the tropical wave family is preferentially413

excited by a given forcing. In all, while previous studies have simulated the emergence of equatorial waves through random414

forcing in the tropics (Garfinkel et al., 2021), or non-linear convective feedback (Yang and Ingersoll, 2013), this work explicitly415

demonstrates the formation and co-existence of planetary scale equatorial waves with a fully developed turbulent flow at synoptic416

scales.417

In the vorticity-forced moist cases, the upscale energy transfer of KE is accompanied by moisture aggregation. Specifically, with418

vorticity forcing, it takes about a 100 days for coherent moist structures to appear. An examination of the interscale moist energy419

flux and spectra, as well as the moist enthalpy flux reveals different growth regimes during the formation of these aggregates.420

Initially, over approximately the first 50 days, the growth rate of ME is nearly exponential across a range of wavenumbers – a421

feature that has been noted in moist stratified turbulence (Sukhatme et al., 2012); then ME accumulates preferentially at larger422

wave numbers near the equatorial deformation radius. These two stages lead to an equilibrium moist energy spectrum that423

follows a power-law and scales with an exponent of approximately −2. Once formed, the aggregates propagate westward in424
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the tropics with speeds of the order of a few meters per second. Further, during this initial period the ME flux also shows an425

inverse transfer. We argue that while later stages of the moist dynamics are certainly influenced by processes like the forward426

transfer of moist enthalpy and other local transport processes, for example, wave-eddy interactions (Garfinkel et al., 2021), the427

initiation of the aggregation crucially depends on the nonlinear interaction of vortical wind with moisture gradients. Moreover, in428

the small-scale vorticity-forced runs, moisture anomalies are largest in the case when the background saturation field depends429

on both longitude and latitude. Here, these anomalies are supported by advection and convergence, and are situated between430

the rotational gyres that dominate the tropics. It is important to note that coherent moist anomalies appear without radiative431

feedbacks or surface fluxes that are sometimes deemed to be essential ingredients in aggregation (for example, Wing et al., 2017).432

Taken together, these experiments showcase the concurrence of large-scale equatorial waves and fully developed turbulence in433

the dynamically evolving tropical region. The experiments further highlight the interdependence of rotational and divergent434

portions of the flow in such scenarios with a dynamically interactive moisture field.435

We have focused on small-scale forcing in a single-layer shallow-water system, and in future work it would be interesting to436

simulate energy transfer in a multi-layer model that can resolve baroclinic instability (Schröttle et al., 2021). Such simulations437

provide a canonical source for a forward enstrophy cascade. Of course, with large-scale forcing that projects on to divergent438

modes there are also possibilities of Kelvin wave breaking that might lead to a more complex energy transfer scenario (Bouchut439

et al., 2005). Not only would this allow us to probe possible transitions from a −3 to −5/3 scaling in KE, the presence of440

large-scale baroclinic waves could serve as another source for low-frequency equatorial waves (Wedi and Smolarkiewicz, 2010).441

Possibly interscale energy transfer would occur that is coupled throughout the layers and involves a barotropization of the flow442

(Salmon, 1998), as well as the interaction of vertically sheared layers (Vallis et al., 1997). Generally, in a multi-layer model,443

studying the vertical circulation in space-time spectra of equatorial waves as done for numerical weather prediction reanalysis444

data (George Kiladis, personal communication) could especially be of interest, when vertical transport of moisture is explicitly445

resolved in dynamically coupled layers.446
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A P P E N D I X A . PA RT I T I O N O F E N E R G Y I N T O R OTAT I O N A L A N D D I V E R G E N T M O D E S455

The sum of vortical kinetic energy KEζ and divergent kinetic energy KEδ gives the total kinetic energy KE in spectral space.

This can be deduced from Helmholtz decomposition of the velocity field in two-dimensional Fourier space. To retrieve correct

units, the kinetic energy is normalized by domain mean height H and unit density ρ = 1 kg/m3,

KE /ρH =
1
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Using a Helmholtz decomposition with streamfunction ψ for vortical modes and potential φ for divergent modes, this equation

can be rewritten. Thereby, (uζ ,vζ ) are the vortical modes of the wind and (uδ ,vδ ) are its divergent modes,

KE /ρH =
1

2
+ψ · +ψ +

1

2
+φ · +φ − ∂yψ∂xφ + ∂xψ∂yφ.

In Fourier Space the terms encapsulating vortical modes and divergent modes sum to zero,

K̃ E =
1

2

(
k 2x + k

2
y

)
ψ̃2 +

1

2

(
k 2x + k

2
y

)
φ̃2 −ky kx ψ̃φ̃ + kx ky ψ̃φ̃︸                      ︷︷                      ︸

=0

= K̃ E ζ + K̃ E δ ,

where ψ̃ and φ̃ are the amplitudes of streamfunction and velocity potential in Fourier Space. Similarly, K̃ E , K̃ E ζ , K̃ E δ are the456

amplitudes of kinetic energy, vortical kinetic energy, and divergent kinetic energy. In consequence, the total kinetic energy is a457

direct sum of vortical and divergent eddy kinetic energy as diagnosed previously in the spectral decomposition.458

A P P E N D I X B . I N T E R S C A L E FL U X O F K I N E T I C E N E R G Y459

To calculate the flux of kinetic energy, we use

KE Flux(k ) =
∫ ∞
k
R

{
−
1

2

(
û∗ v̂ · +u + v̂ ∗ v̂ · +v

)}
d k̃ .

The KE spectrum without planetary rotation and interscale flux for the dry vorticity forcing with and without ambient rotation460

(i.e., f , 0 and f = 0) are shown in Figure 11. As is evident, the KE spectrum follows a −5/3 power-law that is dominated by461

rotational modes, though once again, the divergent modes also show a similar scaling. Further, even without planetary rotation,462

mesoscale vorticity forcing of the spherical shallow-water equations results in an upscale transfer of rotational KE. As far as463

we are aware, such an upscale transfer with f = 0 has not been demonstrated previously in the shallow-water equations. This464

is contrast to small-scale height forcing where f = 0 resulted in a lack of inverse KE transfer. KE fluxes for experiments with465

height forcing (dry & moist) and moisture forcing are shown in Figure 12. As is evident, an inverse transfer of rotational KE466

is observed in each of these cases; moreover, while of a similar order of magnitude, the upscale flux is more pronounced with467

mesoscale moisture forcing.468
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F I G U R E 1 1 (a) Spatial KE spectra for the dry vorticity-forced run without Coriolis acceleration, for the total (thick gray),
vortical (red), and divergent (blue) eddy KE. Also shown for reference are the −5/3 slopes (gray dashed lines). (b) The
spectral-space flux of eddy KE for the run shown in (a). (c) The spectral-space flux of eddy KE for the dry vorticity-forced run
with Coriolis acceleration (run shown in figure 1b).
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F I G U R E 1 2 The spectral-space flux of eddy KE for the dry height-forced run (shown in figure 2), the moist height-forced
run (shown in figure 6), and the moist moisture-forced run (shown in figure 7).
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